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Abstract

In this paper, we introduce and examine some properties of three sequence spaces defined using

lacunary sequence and invariant mean which generalize several known sequence spaces.
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1 Introduction

Let w be the set of all sequences real or complex and /., denote the Banach space of bounded

sequences & = {&},— normed by ||¢|| = supysq |§x|. Lorentz [4] proved that

¢= {x : %gnmwgfnﬂ exists uniformly in n} .

Let o be a one-to-one mapping of the set of positive integers into itself. A continuous linear
functional ¢ on [, is said to be an invariant mean or a o- mean if and only if

1. ¢(&) > 0 when the sequence & = (§,) has &, > 0 for all n.

2. p(e) =1, where e = (1,1,...) and

3. (5(,(”)) = (&) for all € € l.

For a certain kinds of mapping o every invariant mean ¢ extends the limit functional on space
¢, in the sense that ¢(¢) = lim¢ for all £ € ¢. Consequently, ¢ C V, where V, is the bounded

sequences all of whose o-means are equal, ( see, [17]).

If £ = (&), set TE = (TE) = (fa(k)) it can be shown that (see, Schaefer [12]) that

V, = {{ €l : li}gntkm (&) = Le uniformly in m for some L = o — limf} (1.1)
where .
En+T&m + ...+ T
tim = d t_ m =
k (f) k‘—|- 1 an 1, 0
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We say that a bounded sequence & = (&) is o-convergent if and only if £ € V, such that
oF(n) #nforalln >0, k>1.

Just as the concept of almost convergence lead naturally to the concept of strong almost conver-
gence, o- convergence leads naturally to the concept of strong o-convergence. A sequence £ = (&)

is said to be strongly o-convergent (see Mursaleen [8]) if there exists a number L such that

1 k
EZ|§gi(m) —L| -0 (1.2)
=1

as k — oo uniformly in m. We write [V,] as the set of all strong o- convergent sequences. When
(1.2) holds we write [V,] — limaz = L. Taking o(m) = m + 1, we obtain [V,] = [¢], which is defined
in [5], so strong o- convergence generalizes the concept of strong almost convergence. Note that

Vo] C Vi Clw

Spaces of strongly summable sequences were discussed by Kuttner [3], Maddox [5] and others.
The invariant summable sequences have been discussed by Schafer [17] and some others. Mursaleen
[9] have considered absolute invariant convergent and absolute invariant summable sequences. Also
the strongly invariant summable sequences was studied by Saraswat and Gupta[ll]. Some works
related to invariant summable sequences can be found in [10, 12, 13, 14, 15]. The goal of this paper
is to study the spaces of strongly lacunary c— summable sequences, which naturally come up for
investigation and which will fill up a gap in the existing literature.

Let 8 = (k) be the sequence of positive integers such that

1) ko=0and 0 < k, < k41

1) h, = (k, — ky—1) = 00 as r — oo.

Then 6 is called a lacunary sequence. The intervals determined by 6 are denoted by I =
(kr — kr—1]. The rati

Recently, Das and Mishra [1] defined My, the set of almost lacunary convergent sequences, as

(see, Freedman et al [2]).

follows:

1
My = {5 : there exists [ such that uniformly in ¢ > 0, hm W Z (Epri — 1) = 0} .
kel

Let T = (tnr) be an infinite matrix of nonnegative real numbers and p = (p) be a sequence
such that pr, > 0. We write T¢ = {Tn( )} T,(€) = Yo tuk [€k[7* converges for each n. We write.

Z Toniy(€) = Y _t(n kyr) €™
k

" iel,

t(n, k,r) Zt,,n(l

" iel,

where
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If we take o(n) =n+1

Z Ta"( ) Z (TL, k, T’) |£k|pk

’Lelr

and

t(n,k,r) Z ton(i), k

ZEI

reduces to

1 m

trn(§) = }TZTnH(O = Zt(mk,r) (3%

"i=0 k

where

t(n, k,r) Ztn_ﬂ k-

We define the following sequence spaces:

[T(o’a),p]o = {¢:dn(€) = 0 uniformly in n};
(Ti6,0y,p] = {&:dwn(§—1le) — 0 for some ! uniformly in n}

and

[T(G’U)’p]oo = {J} : SUPdm(g) < OO} :

The sets [T(g,5), Plo, [T(0,0),P] and [Ty 4),Plec Will be respectively called the spaces of strongly
lacunary o -summable to zero, strongly lacunary ¢ -summable and strongly lacunary o- bounded
sequences. If o(n) = n + 1, the above spaces reduces to the following sequence spaces which are

introduced in [16].
|:T9 3 p:| 0

[Tg,p] = {&:tyn(€& —le) — 0 for some [ uniformly in n}

{€ : trn(§) — 0 uniformly in n};

and

[Te,pLo = {f : Suptpn () < OO}-

If £ is strongly lacunary o- summable to [ we write { — I[T(4,5),p]. A pair (T, p) will be called

strongly lacunary o - invariant regular if

& = 1= & — U[T6,0),p)-
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2 The main results

Before giving main theorem we have some propositions:
Proposition 2.1. If p € (., then [T », plo, [T(6,0),P] and [T(4,+), Plec are linear spaces over C.

Proof. We consider only [T(g,),p]. If H = supp and K = max(1, 2H-1) we have [see Maddox [5],
p. 346].
[t + be P < K (Jar P + [be]”") (2.1)

and for A € C,
IAP* < max(1, [A). (2.2)

Suppose that ¢ — I[T(9,6),p], px — [[T(9,0),p] and A, € C. Then we have
drn N+ pp — N+ pl)e) £ KK dpp (€ — le) + KKodpn(p — le)

where K = sup [A["* and K, = sup |u|"*, and this implies that A&+ pup — (A + ul) [T(g,»), p]. This
completes the proof. I

We have

Proposition 2.2. [T(y,¢),p] C [T(9,0),Ploc, if

||T|| = supZt (n, k,r) < 0. (2.3)
"k

Proof. Assume that { — [[T{g,),p] and (2.3) holds. Now by the inequality (2.1),

dn(€) = dpn (€ — le+ le) (2.4)
< Kdpn(§—le) + KY t(n,k,r) I
k
< Kdpp(€—le) + K(sup |l|p")2t (n,k,r).
k

Therefore £ € [T(9,+), Pl and this completes the proof. |

Remark 2.3. Some known sequence spaces are obtained by specializing T and therefore some of

the results proved here extend the corresponding results obtained for the special cases.

Proposition 2.4. Let p € (o, then [T(4 5),plo and [T(g,¢),ploc (infps > 0) are linear topological
spaces paranormed by g defined by

(&) = sup [dy ()]

n

where M = max(1, H = suppy). If (2.3) holds, then [T{y ,),p] has the same paranorm.
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Proof. Clearly g(0) =0 and ¢(§) = g(—&). Since M = 1, by Minkowski’s inequality it follows that
g is subadditive. We now show that the scalar multiplication is continuous. It follows from the
inequality (2.2) that

9(A&) < sup A g ().

Therefore £ — 0 = A — 0 (for fixed \). Now let A — 0 and £ be fixed. Given € > 0 IN such that
drn(XE) < €/2(Vn,¥r > N). (2.5)

Since d, ,, (&) exists for all r, we write

drn(§) = K(r),(1=r = N)

dn(A) < 5 (V1 S 7S N). (2.6)

and

Then |A| < 4,

It follows from (2.5) and (2.6) that
A= 0= X =0 (£ fixed)
This proves the assertion about [T(4 ), plo- If inf pr = 6 > 0 and 0 < [A| < 1, then V¢ € [T(g,4), Ploos
g (A8 <IN gM(©)-

Therefore [T, p]o, has the paranorm g. If (2.3) holds it is clear from Proposition 2.2 that g(§) exists
for each £ € [T(4, 5, p]. This completes the proof. I

Remark 2.5. It is clear that g is not a norm in general. But if py = p Vk,then clearly g is a norm

for 1 £ p < oo and a p— norm for 0 < p < 1.

Proposition 2.6. [Ty ,),plo and [T{g,¢),p|oc are complete with respect to their paranorm topolo-

gies [T(9,5, ] is complete if (2.3) holds and

Zt(n, k,r) — 0 uniformly in n. (2.7)
k
The proof is easy and we omit it.

Combining the above proposition we have the main result.

Theorem 2.7. Let p € {o. Then [T(g,4),plo and [T(g,4),Plec (infpx > 0) are complete linear
topological spaces paranormed by g. If (2.3) and (2.7) hold then [T{4 ,), p] has the same property.
If further p = p for all k, they are Banach spaces for 1 £ p < oo and p—normed spaces for
0<p<l
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We now give locally boundedness and g—convexity for the spaces of strongly almost summable
sequences. We start with some definitions. For < ¢ £ 1 a non-void subset U of a linear space is
said to be absolutely g—convex if £, p € U and |y|? + |u|? < 1 together imply that vé+pup € U. Tt is
clear that if U is absolutely g—convex, then it is absolutely t— convex for ¢t < g. A linear topological
space X is said to be g— convex if every neighbourhood of 0 € X contains an absolutely g—convex
neighbourhood of 0 € X. The g—convexity for ¢ > 1 is of little interest, since X is g—convex for
g > 1if and only if X is the only neighbourhood of 0 € X, [see Maddox and Roles [6]]. A subset
B of X is said to be bounded if for each neighbourhood U of 0 € X there exists an integer N > 1
such that B C NU. X is called locally bounded if there is a bounded neighbourhood of zero.

We have

Theorem 2.8. Let 0 < pi = 1. Then [T{g,4),plo and [T{g,),p|oc are locally bounded if inf py > 0.
If (2.3) holds, then [Ty ), p| has the same property.

The proof of the above theorem follows on the same lines as adopted by Savas [16]. So we
omitted it.

It is known that every locally bounded linear topological space is g— convex for some ¢ such
that 0 < ¢ £ 1. But the following theorem gives exact conditions for g—convexity.

Theorem 2.9. Let 0 < pr < 1.Then [T(Q)U),p] o and [T(gyg),p]oo are g—convex for all ¢ where
0 < ¢ < liminf pg. Moreover, if pp = p < 1 Vk, then they are p—convex. [T(gya),p] has the same
properties if (2.3) holds.

Proof. We shall prove the theorem only for [T(gyg),p]oo. Let [T(97U)7p]oo and ¢ € (0,liminf py).
Then Jkg such that ¢ < py (Vk > ko). Now define

) = sup Ztnkr\ﬁk\qu Z (n, kyr) [€R|P% | .
mn k=ko+1

Since ¢ < px £ 1 (Vk > ky), go is subadditive. Further for 0 < |y| £ 1,
[P = " (Vk > ko)

Therefore for such v we have

9o (¥€) = " go().
Now for 0 < § < 1,

U={xz:g0(¢) = 5}

is an absolutely g—convex set, for |y|? 4+ |u|? £ 1 and &, p € U imply that

go(v€) + ga(pp) < [yl go (&) + ul? go(p)
(7" 4 || *) 6 < 0.

go (Y€ + up)

HA NI
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If pr, = p (Vk), then for 0 < 6 < 1,

V={x:90=d}

is an absolutely p—convex set. This can be prove by the same analysis and therefore we omit the

details. This completes the proof. i
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